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Solving the Schwinger-Dyson Equations for Gluodynamics in the 
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We derive the Schwinger-Dyson equations for the SU (2) Yang-Mills theory in the maximal Abelian gauge and 
solve them in the infrared asymptotic region. We find that the infrared asymptotic solutions for the gluon and 
ghost propagators are consistent with the hypothesis of Abelian dominance. 



1. Introduction 

The Schwinger-Dyson (SD) equation is one of 
the most popular approaches to investigate the 
non-perturbative features of quantum field the- 
ory. The analyses by making use of the SD equa- 
tion for quark propagator are well-known. Re- 
cently, the coupled SD equations for the gluon 
and ghost propagators in Yang-Mills theory have 
been studied mainly in the Lorentz (Landau) 
gauge. QE] In this paper, we derive the SD equa- 
tions for the SU (2) Yang-Mills theory in the max- 
imal Abelian (MA) gauge and solve them analyt- 
ically in the infrared (IR) asymptotic region. The 
MA gauge is useful to investigate the Yang-Mills 
theory from the view point of the dual supercon- 
ductivity. 

In the MA gauge, in contrast to the ordi- 
nary Lorentz gauge, we must explicitly distin- 
guish the diagonal components of the fields from 
the off-diagonal components. This is indeed the 
case even in the perturbative analysis in the UV 
region. "3" Therefore, we must take account of 
the four propagators for the diagonal gluon, off- 
diagonal gluon, diagonal ghost and off-diagonal 
ghost. Numerical behaviors of gluon propagators 
in the MA gauge are also investigated on a lattice 
simulation, 
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2. SD equations in the MA gauge 

First, we derive the SD equations from the 
SU{2) Yang-Mills action in the MA gaugelH]. 
The graphical representation of SD equations are 
shown in Figure^ For the diagonal gluon prop- 
agator, we adopt the Landau gauge so that the 
diagonal gluon propagator D^,^{p^) has only the 
transverse part 
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where we defined the form factor Fd(p^). While, 
the off-diagonal gluon propagator D'^'Kp'^) has 
both the transverse and longitudinal parts 
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where we defined the form factors F't{p^) and 
FL(p2). The form factor Gip"^) for the off- 
diagonal ghost propagator Z\°''(p^) is defined 
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The diagonal ghost propagator is decoupled from 
the other fields so that we omit it hereafter. 
Now, we write down the SD equations: 
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+(tadpole contributions). 
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Figure 1. The graphical representation of the SD equations. 
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+ (tadpole contributions), (5) 
and 

-Zl I rf>\r,p)Df^{p)r^l^{p,r)D,,{r) 
Jp 

+ (tadpole contributions). (6) 

Here the contributions from the two-loop graphs 
have been omitted. The full form of SD equations 
will be given in a separate paper(^. r^'^{p,q) is 
the full vertex function for the diagonal gluon, 
off-diagonal ghost and off-diagonal antighost in- 
teraction, while r^p^{p, q) is the full vertex func- 
tion for an interaction of the diagonal gluon and 
two off-diagonal gluons, and the superscript "(0)" 
means a hare propagator or vertex function. 

In the MA gauge, we obtain the Slavnov- Taylor 
(ST) identities 



[p - qrrfip, q) = A^\p')-^ - A^Hq^)-\ 
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3. Truncation and Approximations 
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In order to solve the SD equations analytically, 
we employ the following approximations. 
• We neglect the two-loop contributions. 



• Instead of the full vertex functions, we adopt 
modified vertex functions which are compati- 
ble with the ST identities. We adopt approxi- 
mations for vertex functions as 

rf{P. 9) - r^^^^'iP, q)dp^{p^G-\p')}, (9) 
and 

rf^M q) - r(%^\p, q)d,Ap'F^\p')}- m 

Here, we adopt the Feynman gauge for the off- 
diagonal gluon for simplicity, that is, a = 1 
and Ft{p^) — Fi^{p'^). Substituting the bare 
form factors, which are G{p'^) = Ft{p^) = 1, 
into the right hand side of the ansatz © 
and pU|l . we obtain the bare vertex functions. 
Moreover, these ansatz are compatible with 
the ST identities Q and (jH)) in the limit of 
p^q. 

• In the momentum integration, we use the 
Higashijima-Miransky approximation|j7j| as 
F((p-g)2) =F(max{p2,g2|)^ (11) 

4. Solving the SD equations 

Now we adopt the ansatz for the form factors 
in the IR region: 



F^{p^) = A{p^r + ■ 
G{p^) = Bip^r + ■ ■ 
F^{p^) ^ c{p^r + 



(12) 



Substituting the ansatz (|12|l for the form fac- 
tors, and the ansatz @ and (|10|) for vertex func- 
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Table 1 



The relation u, v and w (and w', w') in the Feyn- 
man gauge (a — 1). 





w > 1 


w = \ 


V > 1 


u ~ — min{u, w} 


u = — min{t), ?«'} 




u = — niin{u', w} 


u = — niin{t!', w'} 



tions into the SD equations © and ©, and 
comparing the leading term in the both sides of 
each equation, we obtain the following results for 
a — \. 

1. From eqs. (jSJ and we obtain the relations 
V >1 and u; > 1. 

2a. In the case of w > 1 and w > 1, from 
the eq. we obtain the relation u = 

— imii{v,w} so that u is less than —1. 

2b. In the case of v = 1 and it; > 1, we need 
redefine the form factor G{p^) as G{p^) — 
Bqp'^ + Bi{p'^y + ■ ■ ■ with v' > 1 since con- 
tributions from the leading term of G{p^) are 
canceled each other in the ansatz (j^. There- 
fore we need the information of next leading 
term of the form factor G{p^). In this case we 
obtain the relation u = — min{w', w} from the 
eq. Q so that u is also less than —1. 

2c. Next, we consider the case of w > 1 and w = 
1. As well as the above case, we need redefine 
the form factor Ft(p^) as Ft{p'^) — G^p^ + 
Ci(p^)™ + • • • with w' > 1 and we obtain the 
relation u = — min{w,w'} (u < — 1). 

2d. Similarly, in the case oiv — w — 1^ we obtain 
the relation u = — min{u',w'} [u < —1). 

The results are summarized in Tabled 

In the gauge other than the Feynman gauge, 
that is, a 7^ 1, the calculation and discussion are 
very tedious. However, the qualitative results are 
identical to the above case except for the following 
one point. In this case, even if w = 1, there 
occurs no cancellation as in the above two cases 
2c and 2d. This is because the off-diagonal gluon 
propagator has the momentum dependent tensor 
structure for a ^ I, while it is proportional to 
Sp^i, for a — 1. Therefore, we obtain the relation 
It = —1 in the case oi w = 1. (See Table 12) 



Table 2 

The relation m, v and w (and v') in the gauge 





w > 1 


w = 1 


V > 1 


u = — mhi{v, w} 


u = -1 


v = l 


u = — min{i;', w} 


u = -1 



5. Conclusion 

In the IR limit, the form factors of each prop- 
agator behave as 

Fd(p2)^A(/r + ... (w<-l), (13) 

G{p^) ^ B{p^r + ■ ■ ■ («>1), (14) 

FT{p')r^G{p'r + --- {w>l). (15) 

Therefore the solution shows that the diagonal 
gluon propagator is enhanced in the IR limit, 
while the off-diagonal gluon and off-diagonal 
ghost propagators are suppressed in the IR re- 
gion. Our results are compatible with a hypoth- 
esis of Abelian dominance [S]. 
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